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WILDLY RAMIFIED POWER SERIES WITH LARGE MULTIPLICITY
JONAS NORDQVIST
ABSTRACT. In this paper we consider wildly ramified power series, i.e., power series defined over a field
of positive characteristic, fixing the origin, where it is tangent to the identity. In this setting we introduce
a new invariant under change of coordinates called the second residue fixed point index. As the name
suggests this invariant is closely related to the residue fixed point index, and they coincide in the case
that the power series have small multiplicity. Finally, we characterize power series with large multiplicity
having the smallest possible multiplicity at the origin under iteration, in terms of this new invariant.
1. INTRODUCTION
Let 핂 be a field. We recall that a fixed point 푧0 of a function 푓 ∶ 핂 → 핂 is said to be parabolic
if 푓 ′(푧0) is a root of unity. In this paper we are interested in formal power series 푓 having a parabolic
fixed point at the origin, such that 푓 ′(0) = 1.
We say that two elements 푓, 푔 ∈ 푧(1+푧핂[[푧]]) are formally conjugated if there exists a formal power
series ℎ of the form ℎ(0) = 0, ℎ′(0) ≠ 0 such that 푔 = ℎ−1◦푓◦ℎ. Clearly, conjugation is an equivalence
relation on 푧(1+푧핂[[푧]]). Henceforth, we assume that 푓 is not the identity. A property that is invariant
under conjugation by ℎ is the multiplicity of 푓 , that is the unique integer 푚 in the expansion
푓 (푧) − 푧 = 푎푚푧
푚 +⋯ , 푎푚 ≠ 0.
The multiplicity of 푓 (at the origin) is denoted bymult(푓 ), and we putmult(푧) ∶= ∞. Another property
of 푓 that is invariant under conjugation is the residue fixed point indexwhich is defined as the coefficient
of 1
푧
in the Laurent expansion about 0 of
1
푧 − 푓 (푧)
,
and denoted by index(푓 ), see e.g. [Mil06, §12] for a description of the residue fixed point index.
Let 핂 ∶= ℂ̂ = ℂ∪{∞}, then for a rational map 휙 ∈ 핂(푧), not the identity, of the form 휙(0) = 0
and 휙′(0) = 1, classification under formal conjugation is described in terms of the multiplicity and the
residue fixed point index (see e.g., [É81a, É81b, Vor81]). One of the main results of this paper is that
this statement is false if we replace 핂 by a field of positive characteristic, and that the classification
depends on at least one other invariant which we describe in detail in this paper.
Let 핂 be a field of positive characteristic. A power series 푓 with coefficients in 핂 is said to be
wildly ramified if and only if 푓 (0) = 0, and 푓 ′(0) = 1. The group under composition formed by all
wildly ramified power series is called the Nottingham group of 핂, and is denoted by (핂). Moreover,
every wildly ramified power series has an associated sequence of integers called the lower ramification
numbers. It encodes the multiplicity of the origin for the iterates of the power series. Henceforth, we
say that 푓 has largemultiplicity ifmult(푓 ) > char(핂)+1, and we study the lower ramification numbers
of power series with large multiplicity at the origin, and give a characterization of those power series
having the smallest possible lower ramification numbers. Wildly ramified power series and its lower
ramification numbers have been studied in many papers, see e.g., [Sen69, Kea92, LS98, Win04] for
classic results and background on wildly ramified power series, and [KK16, LMS02, LN18, LRL16b,
LRL16a, Nor17, RL03, NR19] for results related to this paper. For a background on the Nottingham
group and result on the subject relating to this paper we refer to [Joh88, Cam00, Kea05] and references
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therein. Finally for a recent treatment on one dimensional dynamics over non-archimedean fields in
general, see [Ben19].
In the next section we describe our results in detail.
2. MAIN RESULTS
The main results is naturally divided into two parts. First we introduce a ‘new’ invariant under local
change of coordinates in positive characteristic, and prove some properties of this invariant. The second
part concerns lower ramification numbers and in particular we provide a characterization in terms of
this new invariant of wildly ramified power series with large multiplicity having the smallest possible
lower ramification numbers.
2.1. A positive characteristic phenomena. In order to state the main result of the first part we define
the key concept of this section, and in order to state said concept we need to introduce the following
notation. Given a field 핂 and an integer 푞 ≥ 1, denote by Λ the ordered set of integers
(2.1) Λ(푞,핂) ∶=
{
퓁 ∈ ℤ ∶ 퓁 ∈ [0, 푞]; 퓁 = 푞 in 핂
}
.
The 푗th element of Λ is denoted by 퓁푗 , and to be precise we have the indexing 퓁1 ≤ 퓁2 ≤… .
Remark 1. If char(핂) = 0 or if 푞 < char(핂) then Λ(푞,핂) = {푞}.
Definition 1. Let 핂 be a field, 푞 ≥ 1 an integer, and 푓 a power series with coefficients in 핂 such
that 푓 (0) = 0 and 푞 ∶= mult(푓 ) − 1 ≥ 1. For each element 퓁푗 in Λ(푞,핂) we denote by 휄푗(푓 ) the
coefficient of
1
푧
in the Laurent expansion about 0 of
푧푞−퓁푗
푧 − 푓 (푧)
.
In particular, in the case that 푗 = 1 then we say that 휄푗(푓 ) is the second residue fixed point index.
Remark 2. Note that if either 푞 < char(핂) or char(핂) = 0 then 휄1(푓 ) = index(푓 ).
For a wildly ramified power series 푓 the residue fixed point index is invariant under local change of
coordinates. This statement is also true for 휄1(푓 ) as manifested by the following result.
Proposition 1. Let핂 be a field. Then, among power series 푓 with coefficients in 핂 and satisfying 푞 ∶=
mult(푓 ) − 1 ∈ [1,∞), the second residue fixed point index is invariant under coordinate changes.
That is, for every power series ℎ with coefficients in 핂 such that ℎ(0) = 0 and ℎ′(0) ≠ 0, the power
series 푓̂ ∶= ℎ◦푓◦ℎ−1 satisfies
휄1(푓̂ ) = ℎ
′(0)퓁−푞 휄1(푓 ),
where 퓁 is the smallest nonnegative integer satisfying 퓁 = 푞 in 핂.
In fact, we can say more, and the proof of Proposition 1 follows by the following generalization.
Proposition 2. Let 핂 be a field, 푞 ≥ 1 an integer, and 푓 a power series, with coefficients in 핂, of
multiplicity 푞+1. If it exists, denote by 푗 the smallest integer such that 휄푗 (푓 ) ≠ 0. In that case, for every
power series ℎ with coefficients in 핂 such that ℎ(0) = 0 and ℎ′(0) ≠ 0, the power series 푓̂ ∶= ℎ◦푓◦ℎ−1
satisfies
휄푗(푓̂ ) = ℎ
′(0)퓁푗−푞 휄푗 (푓 ),
In the early 1980s Écalle [É81a, É81b] and Voronin [Vor81] independently proved that analytic
classification of parabolic maps in ℂ̂(푧) depends on an infinite number of parameters. However, as pre-
viously mentioned, the formal classification soley depends on the multiplicity and the index of the fixed
point. Hence, Proposition 1 is an obstruction for the same situation to be true for formal equivalence in
positive characteristic, and as a consequence we obtain the following corollary.
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Corollary A. In positive characteristic, the moduli space of formal classification of parabolic maps
with large multiplicity is at least three dimensional.
2.2. Lower ramification numbers. The second part of our results concerns lower ramification num-
bers of wildly ramified power series. Let 푛 ≥ 0 be an integer then the lower ramification numbers of a
wildly ramified power series 푓 are defined as
푖푛(푓 ) ∶= mult
(
푓 푝
푛)
− 1.
Let 푞 ∶= mult(푓 ) − 1 and denote by 퓁 the smallest nonnegative integer such that 퓁 = 푞 in 핂. Then we
have
(2.2) 푖푛(푓 ) ≥ 퓁(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛,
see Proposition 4, in §4. Our result is a characterization of power series with large multiplicity, having
lower ramification numbers satisfying equality in (2.2), i.e. the smallest possible sequence of lower
ramification numbers. We divide the results into two parts: the generic and subgeneric case.
2.2.1. Generic case. The following result is a characterization of power series with large multiplic-
ity 푞 + 1 having the smallest possible lower ramification numbers. In particular, among power series
with multiplicity 푞 + 1 these form a generic set.
Theorem A. Let 핂 be a field of characteristic 푝. Further, suppose that 푞 > 푝 is an integer not divisible
by 푝, and denote by 퓁 the smallest nonnegative integer such that 푞 = 퓁 in 핂. Then for every power
series 푓 ∈ 핂[[푧]] such that mult(푓 ) = 푞 + 1, and every integer 푛 ≥ 1, the lower ramification numbers
of 푓 are of the form
푖푛(푓 ) = 퓁(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛,
if and only if 휄1(푓 ) ≠ 0.
The proof of Theorem A is given in §5.
In a famous paper by Sen [Sen69] we have that if 푝 ∣ 푖0(푓 ) = 푞 then 푖푛(푓 ) = 푞푝
푛, which clearly
satisfies equality in (2.2). Using this fact together with Theorem A and [NR19, Theorem 2] we obtain
the following corollary, which is a generalization of [NR19, Corollary 1].
Corollary B. Let 핂 be a field of odd characteristic. Then, among wildly ramified power series 푓 with
coefficients in 핂, those which have the smallest possible lower ramification numbers are generic.
Corollary B together with (2.2) answers [NR19, Question 1], which asks for what the lower ramifi-
cation numbers for a generic power series with large multiplicity are.
2.2.2. Subgeneric case. The following result is a characterization of power series with large multiplic-
ity 푞 + 1 which does not necessarily attain the smallest possible lower ramification numbers.
Theorem B. Let 핂 be a field of characteristic 푝. Further, suppose that 푞 > 푝 is an integer not divisible
by 푝, 퓁 the smallest possible integer such that 퓁 = 푞 in 핂. Finally, let for a positive integer 푗 put 퓁푗 ∶=
퓁+(푗−1)푝. Then for every power series 푓 ∈ 핂[[푧]] such thatmult(푓 ) = 푞+1, and every integer 푛 ≥ 1,
the lower ramification numbers of 푓 are of the form
푖푛(푓 ) = 퓁푗(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛.
if and only if 푗 is the smallest integer such that 휄푗(푓 ) ≠ 0.
We note that Theorem A follows from Theorem B. However, as Theorem A is the generic case we
consider it of value to be highlighted, and the proofs differ in the sense that in Theorem A we are
completely self-contained. The proof of Theorem B is given in §4.2. We conclude this section by
defining the concept of 푞-ramification and state our results regarding these matters.
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Definition 2. Let 핂 be a field of positive characteristic. Further, let 푓 ∈ 핂[[푧]] be a wildly ramified
power of the form mult(푓 ) = 푞 + 1. If the lower ramification numbers of 푓 satisfies
푖푛(푓 ) = 푞(1 + 푝 +⋯ + 푝
푛),
we say that 푓 is 푞-ramified.
Hence, by Theorem B we obtain the following corollary.
Corollary C. Let 핂 be a field of odd characteristic 푝, 푞 an integer not divisible by 푝, such that 푞 > 푝,
and put 푠 ∶= ⌈푞∕푝⌉. Furthermore, let 푓 ∈ 핂[[푧]] be a wildly ramified power series of multiplicity 푞+1.
Then 푓 is 푞-ramified if and only if
푞 + 1
2
− index(푓 ) ≠ 0, i
and for every positive integer 푗 < 푠 we have 휄푗(푓 ) = 0.
3. THE SECOND RESIDUE FIXED POINT INDEX AND ITS GENERALIZATIONS
This section is divided into two parts. In the first part we give a proof that the second residue fixed
point index invariant under local change of coordinates, and in the case that 휄1(푓 ) = 0 the first 휄푗(푓 )
which is nonvansihing also is invariant. In the second part we discuss some properties of the second
residue fixed point index and its generalizations. Before proceeding we give some definitions that will
be used throughout the paper.
Given a ring푅 and elements 푎1,… , 푎푛 of푅, denote by ⟨푎1,… , 푎푛⟩ the ideal generated by 푎1,… , 푎푛.
Furthermore, denote by 푅[[푧]] the ring of power series with coefficients in 푅 in the variable 푧, and
denote by ord푧 the 푧-adic valuation on 푅[[푧]], i.e., for a nonzero 푓 in 푅[[푧]] the valuation ord푧(푓 ) is
the unique integer 푗 such that 푓 is in 푧푗푅[[푧]] ⧵ 푧푗+1푅[[푧]], and for 푓 = 0 we have ord푧(0) ∶= +∞.
3.1. Proof of Proposition 1 and 2. This section is devoted to prove Proposition 1 and 2. As noted
before the former follows from the latter as a special case and the proof of Proposition 2 is given after
the following lemma.
Lemma 1. Let 핂 be a field of odd characteristic 푝 and ℎ a power series with coefficients in 핂 such
that ℎ(0) = 0 and ℎ′(0) ≠ 0. Then for every integer 푁 ≥ 1 and every integer 푑 ≥ 1 divisible by 푝, the
coefficient 푐 of
1
푧
in the Laurent series expansion about 0 of
(3.1) 푧푑 ⋅
ℎ′(푧)
ℎ(푧)푁+1
satisfies the following properties
(1) if푁 is not divisible by 푝, then 푐 = 0,
(2) if푁 = 푑, then 푐 = ℎ′(0)−푑 .
Proof. To prove the first assertion, we assume that푁 is not divisible by 푝 and note that
(3.2)
ℎ′(푧)
ℎ(푧)푁+1
=
(
−
1
푁
⋅
1
ℎ(푧)푁
)′
,
which is well-defined in 핂. The coefficient of 1
푧
in the Laurent expansion about 0 of (3.1) corresponds
to the coefficient of 1
푧푑+1
in the Laurent expansion about 0 of (3.2) which is clearly equal to 0 since 푝 ∣ 푑.
This completes the proof of the first assertion of the lemma.
Put
훾 ∶= ℎ′(0), ℎ(푧) ∶= 푧
(
훾 +
+∞∑
푗=1
푎푗푧
푗
)
, and 푏푖 ∶=
푎푖
훾
.
iThe left hand side is known as the iterative residue and is introduced in §3.
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For the second assertion we note that
푧푑 ⋅
ℎ′(푧)
ℎ(푧)푑+1
= 푧푑 ⋅
훾(1 + 2푏1푧 + 3푏2푧
2 +⋯)
(훾푧)푑+1
(
1 + 푏1푧 + 푏2푧
2 +⋯
)푑+1 .
Denote by 푇 (푧) ∶= (1 + 푏1푧 + 푏2푧
2 +⋯)푑+1 − 1. This yields
푧푑 ⋅
ℎ′(푧)
ℎ(푧)푑+1
= 푧푑 ⋅
훾(1 + 2푏1푧 + 3푏2푧
2 +⋯)
(훾푧)푑+1 (1 + 푇 (푧))
=
푧−1
훾푑
(1 + 2푏1푧 + 3푏2푧
2 +⋯)
[
1 − 푇 (푧) + 푇 (푧)2 −⋯
]
.
Hence, it follows directly that the coefficient of 푧−1 of
푧푑 ⋅
ℎ′(푧)
ℎ(푧)푑+1
,
is 훾−푑 . This proves the second assertion and thus the lemma. 
Proof of Proposition 2. Assume that 푗 is the smallest integer for which 휄푗 (푓 ) ≠ 0 and put 퓁푗 ∶= 퓁 +
(푗−1)푝, where 퓁 is the smallest integer such that 퓁 = 푞 in핂. In the case that 퓁푗 = 푞 the proof is follows
from the fact that the residue fixed point index is invariant under change of coordinates. Thus, we may
assume that 퓁푗 < 푞. Further, we also put 훾 ∶= ℎ
′(0), and recall that 휄푗(푓 ) is the coefficient of
1
푧
in the
Laurent expansion of 푧
푞−퓁푗
푧−푓 (푧)
about the origin. Put Δ(푧) ∶= 푓 (푧) − 푧, and further, putting(
1
Δ
)
(푧) ∶=
∞∑
푖=−(푞+1)
푎푖푧
푖,
thus we have
푧푞−퓁푗
Δ(푧)
=
∞∑
푖=−(푞+1)
푎푖푧
푞+푖−퓁푗 =
푞∑
푖=푞−퓁푗
푎−(푖+1)
1
푧퓁푗−푞+푖+1
+
∞∑
푖=−(푞−퓁푗 )
푎푖푧
푞−퓁푗+푖.
Consequently, 휄푗(푓 ) = 푎퓁푗−(푞+1), and by assumption 푎퓁푖+(푞+1) = 0 for all positive integers 푖 < 푗.
Put Δ̂(푧) ∶= 푓̂ (푧) − 푧. Clearly 푓̂ ′(0) = 1, so ord푧(Δ̂(푧)) ≥ 2. Moreover,
Δ◦ℎ(푧) = 푓 (ℎ(푧)) − ℎ(푧)
= ℎ(푓̂ (푧)) − ℎ(푧)
= ℎ(푧 + Δ̂(푧)) − ℎ(푧)
≡ ℎ′(푧)Δ̂(푧) mod ⟨Δ̂(푧)2⟩.
(3.3)
Clearly, ord푧(Δ) = ord푧(Δ̂) = 푞 + 1 since the multiplicity is preserved under conjugation by ℎ. Thus,
using (3.3) we obtain
Δ◦ℎ ≡ ℎ′ ⋅ Δ̂ mod ⟨푧2푞+2⟩.
Hence, we conclude that 휄푗(푓̂ ) is equal to the coefficient of
1
푧
in the Laurent series expansion about 0 of
(3.4) 푧푞−퓁푗 ⋅
(
ℎ′
Δ◦ℎ
)
(푧).
We have
푧푞−퓁푗 ⋅
(
ℎ′
Δ◦ℎ
)
(푧) = 푧푞−퓁푗
푞∑
푁=푞−퓁푗
푎−(푁+1)
ℎ′(푧)
ℎ(푧)푁+1
+ 푧푞−퓁
+∞∑
푖=퓁푗−푞
푎푖ℎ(푧)
푖ℎ′(푧).
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We note that the only integers in the set ∶= { 푞−퓁푗+1, 푞−퓁푗+2,… , 푞 }which are divisible by 푝 are 푞−
퓁1, 푞−퓁2,… , 푞−퓁푗−1, and by our assumptionwe have that the corresponding coefficients 푎퓁푖−(푞+1) = 0
for each 푖 ∈ {1, 2,… , 푗 − 1}. Further, by the first assertion of Lemma 1 we have that for each푁 in  ,
which is not equal to 퓁푖 for 푖 < 푗, the coefficient of
1
푧
of 푧푞−퓁푗ℎ′(푧)ℎ(푧)−(푁+1) is zero. Consequently,
by the second assertion of Lemma 1 we have that the coefficient of 1
푧
of (3.4) is 훾퓁푗−푞푎퓁푗−(푞+1) =
훾퓁푗−푞 휄1(푓 ). This completes the proof of the proposition. 
3.2. Properties of the second residue fixed point index. For parabolic fixed points with multiplier 1,
there is an dynamical variant of the residue fixed point index known as the ‘iterative residue’ introduced
by Écalle in the complex setting. It is defined by
résit(푓 ) ∶=
mult(푓 )
2
− index(푓 ),
and it behaves nicely under iteration as
résit(푓 푛) =
1
푛
résit(푓 ).
In positive characteristic the second residue fixed point index shares this property with the iterative
residue as manifested in the following proposition.
Proposition 3. Let 푝 be a prime and 핂 a field of characteristic 푝. Let 푓 ∈ 핂[[푧]] be a wildly ramified
power series of finite multiplicity such thatmult(푓 ) ≥ 푝+1. Then for any positive integer 푛 not divisible
by 푝, we have
휄1(푓
푛) =
1
푛
휄1(푓 ).
The proof of Proposition 3 is given at the end of this section. The following lemma will be useful.
Lemma 2 (Lemma 1, [NR19]). Let핂 be a field, 푞 ≥ 1 an integer, and 푓 a power series with coefficients
in 핂 of the form
푓 (푧) = 푧
(
1 +
+∞∑
푗=푞
푎푗푧
푗
)
, with 푎푞 ≠ 0.
Then, for every integer 푘 ≥ 1 such that 푎푞+푘 ≠ 0 and 푘 ≠ 푞 in 핂, there is a polynomial ℎ such
that mult(ℎ) = 푘 + 1 and
ℎ◦푓◦ℎ−1(푧) ≡ 푓 (푧) − 푎푞+푘푧
푞+푘+1 mod ⟨푧푞+푘+2⟩.
Lemma 3. Let 핂 be a field of positive characteristic 푝. Furthermore, let 푞 ≥ 1 be an integer not
divisible by 푝, and denote by 푗 the smallest integer such that 휄푗(푓 ) ≠ 0. Furthermore, suppose that 푓 is
a power series with coefficients in 핂, of the form
푓 (푧) ≡ 푧
(
1 + 훼푧푞 + 훽푧푞+퓁푗
)
mod ⟨푧푞+퓁푗+2⟩, 훼 ≠ 0.
Then 휄푗(푓 ) =
훽
훼2
.
Proof. Recall that 휄푗(푓 ) is the coefficient of
1
푧
in the Laurent expansion of
(3.5)
푧푞−퓁푗
푧 − 푓 (푧)
about the origin. Expanding (3.5) about 0 we obtain
푧푞−퓁푗
푧 − 푓 (푧)
= −
푧푞−퓁푗
훼푧푞+1
1
1 +
훽
훼
푧퓁푗 +⋯
= −
1
훼
푧−퓁푗−1
(
1 −
훽
훼
푧퓁푗 −⋯
)
.
Clearly, the coefficient of 1
푧
in (3.5) is 훽
훼2
, which proves the proposition. 
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Lemma 4. Let 푝 be a prime number and핂 a field of characteristic 푝. Moreover, let 푓 be a power series
with coefficients in 핂 such that
푓 (푧) = 푧(1 + 훼푧푞 +⋯), 훼 ≠ 0,
and let 푗 be the smallest integer such that 휄푗(푓 ) ≠ 0. Then, 푓 is conjugated to a power series with
coefficients in 핂, of the form
푧 ↦ 푧
(
1 + 훼푧푞 + 훽푧푞+퓁푗
)
mod ⟨푧푞+퓁푗+푝+1⟩,
such that 휄푗(푓 ) = 훽∕훼
2.
Proof. We utilize Lemma 2 repeatedly to eliminate each term of degrees in the set
 = {푞 + 2, 푞 + 3,… , 푞 + 퓁푗+1} ⧵ {푞 + 퓁1 + 1, 푞 + 퓁2 + 1,… , 푞 + 퓁푗 + 1}.
Then there are elements 훽1,… , 훽푗 in 핂 such that 푓 is conjugated to a power series 푔 of the form
푔(푧) ≡ 푧
(
1 + 훼푧푞 + 훽1푧
푞+퓁1 + 훽2푧
푞+퓁2 +⋯ + 훽푗푧
푞+퓁푗
)
mod ⟨푧푞+퓁푗+푝+1⟩.
By Lemma 4 휄1(푔) = 훽1∕훼
2, which is zero by assumption implying 훽1 = 0, and by inductively apply
Lemma 4 we obtain 훽1 = ⋯ = 훽푗−1 = 0. Further, denote by ℎ푘 the coordinate which eliminate the
coefficient of degree 푘 of 푓 . Then, by Lemma 2, for all 푘 ∈  we have ℎ′
푘
(0) = 1. Put
ℎ ∶= ℎ푞+퓁푗+1◦… ◦ℎ푞+2,
and consequently ℎ′(0) = 1. Thus, there exists an element 훽 ∈ 핂 such that
ℎ◦푓◦ℎ−1(푧) ≡ 푧
(
1 + 훼푧푞 + 훽푧푞+퓁푗
)
mod ⟨푧푞+퓁푗+푝+1⟩.
The final claim that 휄푗(푓 ) = 훽∕훼
2 follows by Lemma 3. This completes the proof of the lemma. 
Before we give the proof of Proposition 3 we make the following elementary observation.
Observation 1. For any power series 휓 having the origin as a fixed point of multiplicity 푞 + 1 we have
for every integer 푛 ≥ 0,
휓푛(푧) − 푧 ≡ 푛(휓(푧) − 푧) mod ⟨푧2푞+1⟩.
Proof of Proposition 3. Let 훼 ∈ 핂×, 훽 ∈ 핂, and put 훽∕훼2 ∶= 휄1(푓 ), 푞 ∶= mult(푓 ) − 1, and denote
by 퓁 the smallest nonnegative integer such that 퓁 = 푞 in 핂. We may assume by Lemma 4 that 푓 is of
the form
푓 (푧) ≡ 푧(1 + 훼푧푞 + 훽푧푞+퓁) mod ⟨푧푞+퓁+2⟩.
Hence, we have
(3.6) 푓 푛(푧) ≡ 푧(1 + 푛훼푧푞 + 푛훽푧푞+퓁) mod ⟨푧푞+퓁+2⟩,
Thus, by Lemma 3 and (3.6) we have
휄1(푓
푛) =
푛훽
(푛훼)2
=
1
푛
휄1(푓 ).
This completes the proof of the proposition. 
4. LOWER RAMIFICATION NUMBERS FOR POWER SERIES WITH LARGE MULTIPLICITY
The goal of this section is two-folded. First we prove the lower bound for the sequence of lower
ramification numbers for power series in which the origin as a fixed point have multiplicity which is
larger than the ground characteristic of the field. In the second part, we give a proof of Theorem B.
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4.1. Lower bound of lower ramification numbers. This section is devoted to prove the following
proposition. For completion,we acknowledge that it is possible to deduce the propositionusing [Cam00,
Theorem 6].
Proposition 4. Let핂 be a field of characteristic 푝. Further, suppose that 푞 ≥ 1 is an integer and denote
by 퓁 the smallest nonnegative integer such that 푞 = 퓁 in 핂. Then for every power series 푓 in 핂[[푧]]
satisfying mult(푓 ) = 푞 + 1, we have for every integer 푛 ≥ 1
(4.1) 푖푛(푓 ) ≥ 퓁(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛.
In the proof of Proposition 4 we make several times use of [Sen69, Theorem 1] referred to as Sen’s
theorem, which states that if 푓 is a wildly ramified power series, and 푖푚(푓 ) is finite for every integer푚 ≥
0, then for every integer 푛 ≥ 1 we have
푖푛(푓 ) ≡ 푖푛−1(푓 ) (mod 푝
푛).
Further in this section we make several times use of the ‘Δ’-operators for a wildly ramified power series
푓 , introduced in [RL03, §3.2], and [LRL16b], of defining recursively for every integer푚 ≥ 0 the power
series Δ푚, by Δ0(푧) ∶= 푧 and for 푚 ≥ 1, by
(4.2) Δ푚(푧) ∶= Δ푚−1(푓̂ (푧)) − Δ푚−1(푧).
In particular we make several times use of the fact that for a prime 푝 we have
Δ푝(푧) = 푓
푝(푧) − 푧 mod ⟨푝⟩.
The proof of Proposition 4 follows after the following lemma.
Lemma 5. Let 핂 be a field of positive characteristic 푝, and 휓(푧) ∈ 푧 (1 + 푧핂[[푧]]), and define
by Δ0(푧) ∶= 푧, and for integers 푚 ≥ 1 put
Δ푚(푧) = Δ푚−1(휓(푧)) − Δ푚−1(푧).
Then
ord푧(Δ푚) − ord푧(Δ푚−1) ≥ ord(Δ1).
Proof. Put 푞 ∶= ord(Δ1), and let 휓(푧) = 푧
(
1 +
∑
푖≥푞 푏푖푧
푖
)
. Further assume that Δ푚(푧) =
∑
푖≥푟 푎푖푧
푖.
Then
Δ푚+1(푧) =
∑
푖≥푟
푎푖푧
푖
[
(1 + 푏푞푧
푞 +⋯)푖 − 1
]
.
Clearly, if 푝 ∤ 푟 we have ord푧(Δ푚+1) = 푟 + 푞, and if 푝 ∣ 푟 we obtain ord푧(Δ푚+1) > 푟 + 푞 hence
ord푧(Δ푚+1) − ord푧(Δ푚) ≥ 푞,
which proves the assertion. 
Proof of Proposition 4. We utilize theΔ-operator, and note thatΔ푝(푧) = 푓
푝(푧)−푧 implies that 푖1(푓 ) =
ord푧(Δ푝)−1. Using Lemma 5 together with ord푧(Δ1) = 푞+1, we obtain ord푧(Δ푝) ≥ 푞푝+1. However,
by Sen’s theorem we have ord푧(Δ푝) ≡ ord푧(Δ1) ≡ 퓁 + 1 (mod 푝). Hence,
(4.3) 푖1(푓 ) ≥ 푞푝 + 퓁.
We proceed by induction, and assume that (4.1) holds for some integer 푛 ≥ 1, and put 푔(푧) ∶= 푓 푝
푛
(푧).
Define by Δ̂1(푧) ∶= 푔(푧) − 푧, and for integers 푚 ≥ 2 we put
Δ̂푚(푧) = Δ̂푚−1(푔(푧)) − Δ̂푚−1(푧).
Again, we note that Δ̂푝(푧) = 푔
푝(푧) − 푧 = 푓 푝
푛+1
(푧) − 푧, and hence 푖푛+1(푓 ) = ord푧(Δ̂푝(푧)) − 1. By the
induction assumption and Lemma 5 we have
ord푧(Δ̂푚) − ord푧(Δ̂푚−1) ≥ 퓁(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛.
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Thus, we obtain ord푧(Δ̂푝) ≥ 푝
[
퓁(1 + 푝 +⋯ + 푝푛−1) + 푞푝푛
]
+ 1. Again, by Sen’s theorem we must
have ord푧(Δ̂푝) ≡ ord푧(Δ̂1) ≡ 퓁(푝 + 푝
2 +⋯ + 푝푛) + 1 (mod 푝푛+1). Hence, we obtain
푖푛+1(푓 ) + 1 = ord푧(Δ̂푝) ≥ 퓁푝(1 + 푝 +⋯ + 푝
푛−1) + 푞푝푛+1 + 퓁 + 1
= 퓁(1 + 푝 +⋯ + 푝푛) + 푞푝푛+1 + 1,
which proves the induction step and together with (4.3), the proof of the proposition. 
4.2. Proof of Theorem B and Corollary C. In this section we give a proof of Theorem B, and its
corollary. The proof of Theorem B differs from that of Theorem A since in the latter case we make a
self-contained proof, and in the former we make use of the following result.
Proposition 5 ([LS98], Corollary 1). Let 푝 be a prime number, 핂 a field of characteristic 푝, and 푓
in 핂[[푧]] such that 푓 (0) = 0 and 푓 ′(0) = 1. If
푝 ∤ 푖0(푓 ) and 푖1(푓 ) < (푝
2 − 푝 + 1)푖0(푓 ),
then for every integer 푛 ≥ 1 we have
푖푛(푓 ) = 푖0(푓 ) + (1 + 푝 +⋯ + 푝
푛)(푖1(푓 ) − 푖0(푓 )).
In order to give a proof of Theorem B we need the following results. The first being an elementary
lemma, and in the second we compute the first significant terms of a power series with largemultiplicity
at the origin.
Lemma 6 (Lemma 4, [NR19]). Let 푝 be an odd prime number, 푎 and 푏 in 픽 푝 such that 푎 ≠ 0, and
let 푤∶ 픽 푝 → 픽 푝 be defined by 푤(푛) ∶= 푎푛 + 푏. Denoting 푠
′ ∶= −푎−1푏, we have∏
푠∈픽 푝 ⧵{푠
′}
푤(푠) = −1 and
∑
푠∈픽 푝 ⧵{푠
′}
1
푤(푠)
= 0.
Proposition 6. Let 푝 be an odd prime number and consider the rings
ℤ(푝) ∶=
{
푚
푛
∈ ℚ ∶ 푚, 푛 ∈ ℤ, 푝 ∤ 푛
}
,
퐹1 ∶= ℤ(푝)[푥0, 푥1], and 퐹∞ ∶= ℤ(푝)[푥0, 푥1, 푥2,…].
Then for each integer 푞 ≥ 푝 + 1 not divisible by 푝, and each integer 퓁푗 in Λ(푞, 픽 푝), the power series 푓̂
in 퐹∞[[푧]] defined by
푓̂ (푧) ∶= 푧
(
1 + 푥0푧
푞 + 푥1푧
푞+퓁푗 + 푧푞+퓁푗+푝
+∞∑
푖=1
푥푖+1푧
푖
)
,
satisfies
푓̂ 푝(푧) − 푧 ≡ 푦(푥0, 푥1)푧
푞푝+퓁푗+1 mod ⟨푝, 푧푞푝+퓁푗+2⟩
where 푦(푥0, 푥1) ∈ 퐹1 satisfies
푦(푥0, 푥1) ≡
{
−푥
푝−1
0
푥1 mod ⟨푝⟩ if 퓁푗 < 푞
푥
푝−1
0
(
푥2
0
푞+1
2
− 푥1
)
mod ⟨푝⟩ if 퓁푗 = 푞.
The proof of Theorem B is given after the proof of this proposition.
Proof of Proposition 6. The case that퓁푗 = 푞 follows from [NR19, Proposition 5]. Thus wemay assume
that 퓁푗 < 푞. We will utilize the Δ-operators, as defined in (4.2). To prove the proposition we use
(4.4) Δ푝(푧) ≡ 푓̂
푝(푧) − 푧 mod ⟨푝⟩.
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For each integer 푚 ≥ 1 define 훼푚, and 훽푚 in the ring 퐹1 ∶= ℤ(푝)[푥0, 푥1] by the recursive relations
훼푚+1 ∶= 푥0(푞푚 + 1)훼푚,(4.5)
훽푚+1 ∶= 푥1(푞푚 + 1)훼푚 + 푥0(푞푚 + 퓁푗 + 1)훽푚,(4.6)
with initial conditions 훼1 ∶= 푥0 and 훽1 ∶= 푥1. We prove by induction that for every integer 푚 ≥ 1 we
have
(4.7) Δ푚(푧) ≡ 훼푚푧
푞푚+1 + 훽푚푧
푞푚+퓁푗+1 mod ⟨푧푞푚+퓁푗+2⟩.
For 푚 = 1 this holds by definition. Assume further that it is valid for some 푚 ≥ 1. Then
Δ푚+1(푧) = Δ푚(푓̂ (푧)) − Δ푚(푧)
≡ 훼푚푧
푞푚+1
[(
1 + 푥0푧
푞 + 푥1푧
푞+퓁푗 +⋯
)푞푚+1
− 1
]
+ 훽푚푧
푞푚+퓁푗+1
[(
1 + 푥0푧
푞 + 푥1푧
푞+퓁푗 +⋯
)푞푚+퓁푗+1
− 1
]
mod ⟨푧푞푚+퓁푗+2⟩
≡ 훼푚
[
푧푞(푚+1)+1푥0(푞푚 + 1) + 푧
푞(푚+1)+퓁푗+1푥1(푞푚 + 1)
]
+ 훽푚푧
푞(푚+1)+퓁푗+1푥0(푞푚 + 퓁푗 + 1) mod ⟨푧푞(푚+1)+퓁푗+2⟩.
In view of (4.5) and (4.6), this proves the induction step and (4.7).
By (4.4) and (4.7), to prove the proposition it is sufficient to prove
(4.8) 훼푝 ≡ 0 mod 푝퐹1 and 훽푝 ≡ −푥
푝−1
0
푥1 mod 푝퐹1.
We do this by solving explicitly the linear recurrences described in (4.5), and (4.6). By telescoping
(4.5), we obtain for every 푚 ≥ 1 the solution
(4.9) 훼푚 = 푥
푚
0
푚−1∏
푗=1
(푞푗 + 1).
Taking 푚 = 푝 we obtain the first congruence in (4.8).
On the other hand, inserting (4.9) in (4.6) yields
훽푚+1 = 푥
푚
0
푥1
푚∏
푗=1
(푞푗 + 1) + 푥0(푞푚 + 퓁푗 + 1)훽푚.
We utilize the substitution
훽∗푚 ∶= 훽푚
/(
푥푚−1
0
푚∏
푗=1
(푞푗 + 1)
)
,
which yields
훽∗
푚+1
= 훽∗푚 +
푥1
푞(푚 + 1) + 1
.
Using 훽∗
1
=
푥1
푞+1
, we obtain inductively for every 푚 ≥ 1
훽∗푚 =
푚∑
푟=1
푥1
푞푟 + 1
.
Equivalently,
(4.10) 훽푚 = 푥
푚−1
0
푥1
푚∑
푟=1
[ ∏
푗∈{1,…,푚}⧵{푟}
(푞푗 + 1)
]
.
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When 푚 = 푝 every term in the sum above contains a factor 푝, except for the unique 푟 in {1,… , 푝} such
that 푞푟 ≡ −1 (mod 푝). Denote by 푟0 this value of 푟, and let 퓁 denote the smallest nonnegative integer
such that 푞 = 퓁 in 핂. Then by Lemma 6, we have
훽푝 ≡ 푥
푝−1
0
푥1
∏
푗∈{1,…,푝}⧵{푟0}
(퓁푗 + 1) mod 푝퐹1
≡ −푥
푝−1
0
푥1 mod 푝퐹1.
This proves the second congruence in (4.8) and thus the proposition. 
Proof of Theorem B. Put 휔(푛) ∶= 퓁푗(1 + 푝+⋯ + 푝
푛−1) + 푞푝푛. Assuming that 푗 is the smallest integer
such that 휄푗(푓 ) ≠ 0. Then by Lemma 4 푓 is conjugated to 푔 of the form
푔(푧) ≡ 푧(1 + 훼푧푞 + 훽푧푞+퓁푗 ) mod ⟨푧푞+퓁푗+1+1⟩,
such that 훽∕훼2 = 휄푗(푓 ), and hence we have
(4.11) 훼푝−2훽 = 훼푝 휄푗(푓 ).
Further, since 푖0(푓 ) = 푖0(푔) and 푖1(푓 ) = 푖1(푔) we have by Proposition 5 that 푖푛(푓 ) = 휔(푛) if 푖1(푓 ) =
푞푝 + 퓁푗 .
Let ℤ(푝) and 퐹∞ be as in Proposition 6. Moreover, let ℎ∶ 퐹∞ → 핂 be the unique ring homo-
morphism extending the reduction map ℤ(푝) → 픽 푝, such that ℎ(푥0) = 훼, ℎ(푥1) = 훽 and such that
for every 푖 ≥ 2 the element ℎ(푥푖) of 핂 is the coefficient of 휁
푞+퓁푗+1+푖 in 푔. Then ℎ extends to a ring
homomorphism 퐹∞[[휁]]→ 핂[[휁]] that maps 푓̂ to 푔. So, Proposition 6 implies
푔푝(휁) − 휁 ≡ −훼푝−2훽휁푞푝+퓁푗+1 ≡ −훼푝 휄푗(푓 )휁
푞푝+퓁푗+1 mod ⟨휁푞푝+퓁푗+2⟩.
This proves that 푖1(푔) = 푖1(푓 ) = 푞푝 + 퓁푗 if and only if 휄푗(푓 ) ≠ 0. 
Proof of Corollary C. This follows from Theorem B and the latter case of Proposition 6. If there is an
integer 푗 < 푠 such that 휄푗(푓 ) ≠ 0 then by Theorem B 푓 is not 푞-ramified. Further, assuming that there
is no 푗 < 푠 such that 휄푗(푓 ) ≠ 0 then by Lemma 4 푓 is conjugated to
푧↦ 푧(1 + 훼푧푞 + 훽푧2푞) mod ⟨푧2푞+2⟩,
and by Proposition 6 푓 is 푞-ramified if and only if résit(푓 ) ≠ 0. 
5. PROOF OF THEOREM A
This section is devoted to the proof of Theorem A, which essentially depends on two results, one
which is a reformulation of [NR19, Main Lemma], stated below as Lemma 7. The other is the com-
putation of the first significant terms of 푝-power iterates of wildly ramified power series with large
multiplicity, stated as Proposition 7. The proofs of these results are given at the end of this section.
Lemma 7. Let 푝 be an odd prime number, and consider the rings
ℤ(푝) ∶=
{
푚
푛
∈ ℚ ∶ 푚, 푛 ∈ ℤ, 푝 ∤ 푛
}
,
퐹1 ∶= ℤ(푝)[푥0, 푥1], and 퐹∞ ∶= ℤ(푝)[푥0, 푥1, 푥2,…].
Moreover, let 푞 > 푝 be an integer that is not divisible by 푝, and let 퓁 be the smallest nonnegative integer
satisfying 퓁 ≡ 푞 mod ⟨푝⟩. Then the power series 푓̂ in 퐹∞[[푧]] defined by
푓̂ (푧) ∶= 푧
(
1 + 푥0푧
푞 + 푥1푧
푞+퓁 + 푧푞+2퓁
∞∑
푖=1
푥푖+1푧
푖
)
,
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satisfies the following property: There are 훽 and 훾 in 퐹1 such that
훽 ≡ −푥
푝−1
0
푥1 mod 푝퐹1(5.1)
훾 ≡ −푥
푝−2
0
푥2
1
mod 푝퐹1(5.2)
and
푓̂ 푝(푧) ≡ 푧
(
1 + 훽푧푞푝+퓁 + 훾푧푞푝+2퓁
)
mod ⟨푝, 푧푞푝+2퓁+2⟩.(5.3)
Proposition 7. Let 푝 be a prime and 핂 a field of characteristic 푝. Furthermore, let 푞 > 푝 be an integer
not divisible by 푝, and denote by 퓁 the smallest nonnegative integer such that 푞 = 퓁 in 핂, and put
휔(푛) ∶= 퓁(1 + 푝 +⋯ + 푝푛−1) + 푞푝푛.
Let 푔 be a power series with coefficients in 핂 of the form
(5.4) 푔(푧) ≡ 푧(1 + 훼푧푞 + 훽푧푞+퓁) mod ⟨푧푞+2퓁+1⟩.
Then for each integer 푛 ≥ 0 we have
푔푝
푛
(푧) − 푧 ≡ (−1)푛훼
푝푛+1−1
푝−1 휄1(푓 )
푝푛−1
푝−1 푧휔(푛)+1
+ (−1)푛훼
푝푛+1−1
푝−1
+1
휄1(푓 )
푝푛−1
푝−1
+1
푧휔(푛)+퓁+1 mod ⟨푧휔(푛)+퓁+2⟩.(5.5)
In particular, 푖푛(푔) = 휔(푛) if and only if 휄1(푔) ≠ 0.
Proof of Theorem A. By our hypothesis that 푞 > 푝 the proof follows immediately by Lemma 4 and
Proposition 7 since the former implies that 푓 is conjugated to a power series 푔 of the form (5.4).

Proof of Proposition 7. Put
푔̂(푧) ∶= 푧
(
1 + 푥0푧
푞 + 푥1푧
푞+퓁 + 푧푞+2퓁
∞∑
푖=1
푥푖+1푧
푖
)
,
and let ℤ(푝), 퐹1 and 퐹∞ be defined as in Lemma 7. Moreover, let ℎ∶ 퐹∞ → 핂 be the unique ring
homomorphism extending the reduction map ℤ(푝) → 픽 푝, such that ℎ(푥0) = 훼, ℎ(푥1) = 훽 and such
that for every 푖 ≥ 2 the element ℎ(푥푖) of 핂 is the coefficient of 푧
푞+2퓁+푖 in 푔. Then ℎ extends to a ring
homomorphism 퐹∞[[푧]]→ 핂[[푧]] that maps 푔̂ to 푔. Hence, by Lemma 7 we obtain
푔푝(푧) − 푧 ≡ −훼푝−1훽푧푞푝+퓁+1 − 훼푝−2훽2푧푞푝+2퓁+1 mod ⟨푧2푝+2퓁+2⟩
≡ −훼푝+1 휄1(푓 )푧
푞푝+퓁+1 − 훼푝+2 휄1(푓 )
2푧푞푝+2퓁+1 mod ⟨푧2푝+2퓁+2⟩.(5.6)
Thus, 푖1(푔) = 푖1(푓 ) = 푞푝 + 퓁if and only if 휄1(푓 ) ≠ 0. We proceed by induction in 푛, assume that for
some integer 푛 ≥ 1 we have
푔푝
푛
(푧) − 푧 ≡ (−1)푛훼
푝푛+1−1
푝−1 휄1(푓 )
푝푛−1
푝−1 푧휔+1
+ (−1)푛훼
푝푛+1−1
푝−1
+1
휄1(푓 )
푝푛−1
푝−1
+1
푧휔+퓁+1 mod ⟨푧휔+퓁+2⟩.(5.7)
This is clearly true in the case that 푛 = 1, by (5.6). Then by Lemma 4, there are 퐴,퐵 ∈ 핂 such that 푔푝
푛
is conjugated to a power series 퐺 of the form
퐺(푧) ≡ 푧(1 + 퐴푧휔 + 퐵푧휔+퓁) mod ⟨푧휔+2퓁+1⟩,
such that
퐴 = (−1)푛훼
푝푛+1−1
푝−1 휄1(푓 )
푝푛−1
푝−1 , and 퐵 = (−1)푛훼
푝푛+1−1
푝−1
+1
휄1(푓 )
푝푛−1
푝−1
+1
,
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which implies 퐵 = 훼 휄1(푓 )퐴. Note further that the conjugation of 푔
푝푛 to 퐺 is a composition of coordi-
nates ℎ푘 eliminating terms of degree 푘 ≥ 휔 + 퓁 + 2. Thus, let ℎ be the composition of all ℎ푘, i.e., the
coordinate taking 푔푝
푛
to 퐺 then mult(ℎ) ≥ 퓁 + 2. Further, put
퐺̂(푧) ∶= 푧
(
1 + 푦0푧
휔 + 푦1푧
휔+퓁 + 푧휔+2퓁
∞∑
푖=1
푥푖+1푧
푖
)
.
Repeating the same reduction argument as for the case 푛 = 1 and specializing 퐺̂ to 퐺, then by Lemma
7 using 퐺̂ = 푓̂ we obtain
퐺푝(푧) − 푧 ≡ −퐴푝−1퐵푧휔푝+퓁+1 − 퐴푝−2퐵2푧휔푝+2퓁+1 mod ⟨푧휔푝+2퓁+2⟩
≡ −훼 휄1(푓 )퐴
푝푧휔푝+퓁+1 − 훼2 휄1(푓 )
2퐴푝푧휔푝+2퓁+1 mod ⟨푧휔푝+2퓁+2⟩
≡ (−1)푛+1훼
푝푛+2−1
푝−1 휄1(푓 )
푝푛+1−1
푝−1 푧휔푝+퓁+1(5.8)
+ (−1)푛+1훼
푝푛+2−1
푝−1
+1
휄1(푓 )
푝푛+1−1
푝−1
+1
푧휔푝+2퓁+1 mod ⟨푧휔푝+2퓁+2⟩.
Finally, we recall that the coordinate ℎ that maps 푔푝
푛
to 퐺 satisfies mult(ℎ) ≥ 퓁 + 2, and thus we have
ℎ−1◦퐺푝◦ℎ(푧) ≡ 푔푝
푛+1
(푧) mod ⟨푧휔푝+퓁+mult(ℎ)⟩.
Hence, (5.8) proves the desired induction assumption (5.7), which proves the theorem. 
Proof of Lemma 7. We use the Δ-operators as defined in (4.2) on 푓 . To prove the lemma, we use
(5.9) Δ푝(푧) ≡ 푓̂
푝(푧) − 푧 mod ⟨푝⟩.
For each integer 푚 ≥ 1 define 훼̂푚, 훽̂푚 and 훾̂푚 in 퐹1 by the recursive relations
훼̂푚+1 ∶= 푥0(푞푚 + 1)훼̂푚(5.10)
훽̂푚+1 ∶= 푥1(푞푚 + 1)훼̂푚 + 푥0(푞푚 + 퓁 + 1)훽̂푚(5.11)
훾̂푚+1 ∶= 푥1(푞푚 + 퓁 + 1)훽̂푚 + 푥0(푞푚 + 2퓁 + 1)훾̂푚,(5.12)
with initial conditions 훼̂1 ∶= 푥0 훽̂1 ∶= 푥1, and 훾̂1 ∶= 0. We claim that for every integer 푚 ≥ 1 we have
Δ̂푚(푧) ≡ 훼̂푚푧
푞푚+1 + 훽̂푚푧
푞푚+퓁+1 + 훾̂푚푧
푞푚+2퓁+1 mod ⟨푧푞푚+2퓁+2⟩.
For 푚 = 1 this holds by definition. Assume further this is valid for some 푚 ≥ 1. Then, using 푞 ≥ 4, we
have
Δ̂푚+1(푧) = Δ̂푚(푓̂ (푧)) − Δ̂푚(푧)
≡ 훼̂푚푧
푞푚+1
[(
1 + 푥0푧
푞 + 푥1푧
푞+퓁 + 푥2푧
푞+2퓁+1 +⋯
)푞푚+1
− 1
]
+ 훽̂푚푧
푞푚+퓁+1
[(
1 + 푥0푧
푞 + 푥1푧
푞+퓁 + 푥2푧
푞+2퓁+1 +⋯
)푞푚+퓁+1
− 1
]
+ 훾̂푚푧
푞푚+2퓁+1
[(
1 + 푥0푧
푞 + 푥1푧
푞+퓁 + 푥2푧
푞+2퓁+1 +⋯
)푞푚+2퓁+1
− 1
]
mod ⟨푧푞푚+2퓁+2⟩
≡ 훼̂푚
(
푧푞(푚+1)+1푥0(푞푚 + 1) + 푧
푞(푚+1)+퓁+1푥1(푞푚 + 1)
)
+ 훽̂푚
(
푧푞(푚+1)+퓁+1푥0(푞푚 + 퓁 + 1) + 푧
푞(푚+1)+2퓁+1푥1(푞푚 + 퓁 + 1)
)
+ 훾̂푚푧
푞(푚+1)+2퓁+1푥0(푞푚 + 2퓁 + 1) mod ⟨푧푞푚+2퓁+2⟩,
which proves the induction step and the claim (5).
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In view of (5.9) and (5), to complete the proof of the lemma it is sufficient to prove
(5.13) 훼̂푝 ≡ 0 mod 푝퐹1,
(5.1) with 훽 = 훽̂푝, and (5.2) with 훾 = 훾̂푝. The linear recursion described in (5.10), (5.11) and (5.12) can
be solved explicitly. By telescoping (5.10), we obtain for every 푚 ≥ 1 the solution
(5.14) 훼̂푚 = 푥
푚
0
푚−1∏
푗=1
(푞푗 + 1) ≡ 푥푚
0
푚−1∏
푗=1
(퓁푗 + 1) mod 푝퐹1.
Taking 푚 = 푝, this implies (5.13).
On the other hand, inserting (5.14) in (5.11) yields
훽̂푚+1 = 푥
푚
0
푥1
푚∏
푗=1
(푞푗 + 1) + 푥0(푞푚 + 퓁 + 1)훽̂푚.
Then, an induction argument shows that for every 푚 ≥ 1 we have
(5.15) 훽̂푚 ≡ 푥
푚−1
0
푥1
푚∑
푟=1
∏
푗∈{1,…,푚}⧵{푟}
(푞푗 + 1) mod 푝퐹1.
When 푚 = 푝 every term in the sum above contains a factor 푝, except for the unique 푟0 in {1,… , 푝− 1}
satisfying 퓁푟0 ≡ −1 (mod 푝). Then by Lemma 6, we have
훽̂푝 ≡ 푥
푝−1
0
푥1
∏
푗∈{1,…,푝}⧵{푟0}
(퓁푗 + 1) mod 푝퐹1
≡ −푥
푝−1
0
푥1 mod 푝퐹1.
This proves (5.1) with 훽 = 훽̂푝.
To prove (5.2) with 훾 = 훾̂푝, assume first 퓁 = 푝 − 1. Then by (5.12) with 푚 = 푝 − 1 and (5.15), we
have
훾̂푝 ≡ 푥1훽̂푝−1 mod 푝퐹1
≡ 푥
푝−2
0
푥2
1
푝−1∑
푟=1
∏
푗∈{1,…,푝−1}⧵{푟}
(퓁푗 + 1) mod 푝퐹1
≡ 푥
푝−2
0
푥2
1
∏
푗∈{2,…,푝−1}
(1 − 푗) mod 푝퐹1
≡ −푥
푝−2
0
푥2
1
mod 푝퐹1.
It remains to prove (5.2) with 훾 = 훾̂푝 in the case 퓁 ≠ 푝−1. Note that in this case 푟0 ≠ 1. Inserting (5.15)
in (5.12), we obtain
(5.16) 훾̂푚+1 ≡ 푥
푚−1
0
푥2
1
푚∑
푟=1
∏
푗∈{1,…,푚+1}⧵{푟}
(퓁푗 + 1)
+ 푥0(퓁(푚 + 2) + 1)훾̂푚 mod 푝퐹1.
For every 푚 ≥ 1 define 훾̌푚 in 퐹1 recursively, by 훾̌1 ∶= 0 and for 푚 ≥ 1, by
(5.17) 훾̌푚+1 ∶= 푥
푚−1
0
푥2
1
푚∑
푟=1
∏
푗∈{1,…,푚+1}⧵{푟}
(퓁푗 + 1) + 푥0(퓁(푚 + 2) + 1)훾̌푚.
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Note that by (5.16) for every 푚 ≥ 1 we have 훾̌푚 ≡ 훾̂푚 mod 푝퐹1. Utilizing the substitution
훾̌∗
푚
∶= 훾̌푚
/(
푥푚−2
0
푥2
1
푚+1∏
푗=1
(퓁푗 + 1)
)
,
we obtain
훾̌∗
푚+1
= 훾̌∗푚 +
1
퓁(푚 + 2) + 1)
푚∑
푟=1
1
퓁푟 + 1
.
Inductively, we have that
(5.18) 훾̌∗푚 =
푚−1∑
푠=1
1
퓁(푠 + 2) + 1
푠∑
푟=1
1
퓁푟 + 1
is a rational number. Since 푟0 ≠ 1, for every 푟 in {1,… , 푝 + 1} ⧵ {푟0} we have that
1
퓁푟+1
is in ℤ(푝).
Thus, taking 푚 = 푝 in (5.18), we obtain
훾̌∗푝 ≡
1
퓁푟0 + 1
∑
푟∈{1,…,푝+1}⧵{푟0}
1
퓁푟 + 1
mod ℤ(푝) .
Using 푟0 ≠ 1 and Lemma 6 twice, we obtain
훾̌푝 ≡ 푥
푝−2
0
푥2
1
∏
푗∈{1,…,푝+1}⧵{푟0}
(퓁푗 + 1)
∑
푟∈{1,…,푝+1}⧵{푟0}
1
퓁푟 + 1
mod 푝퐹1
≡ −(퓁 + 1)푥
푝−2
0
푥2
1
∑
푟∈{1,…,푝+1}⧵{푟0}
1
퓁푟 + 1
mod 푝퐹1
≡ −푥
푝−2
0
푥2
1
mod 푝퐹1.
This completes the proof of (5.2) with 훾 = 훾̂푝 and of the lemma. 
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